Chuyén dé 1: Giéi han ham sé

1. Dang g,f
o0

Céch 1am: Ap dung quy tic L’Hospital

Khi x — x, ma {f(X)—)OO hoac {f(X)_)O => 1 =lim f(X):Iim ()

g(x) > g(x) >0 =6 g(x) v g'(x)
Vidu:
1
lim X =lim ! =1 Iim_ﬂzlim&:oo
o0 In(1+x) x0 1 x->08§iNX  x=0 COS X
X+1

Cau 3 - N1-GK20171-Pé 1l

4cos X
In(1+4sin x ;
| =lim ( ):|iml+4smx:i
X0 -1 x-0  3%In3 In3

Cau 6 — N1 — GK20181 — Pé 2

X3t 3% 44X . BXx+12x% . 6+24X
lim ——=[im =lim— =Ilim =6
x>0 X—8§INX x»0 1—-cosSX x>0 SinX x>0 COS X
1Y L
2. Dang 1°. Van dung Iim(1+—] =e=Ilim(1+x)x
X—>00 X x—0
Vi du:
cosx—1
1 1 Y ) cosx—1 ) —sinx
Iim(cosx)x:Iim{(l+(cosx—1))°05Xl =lime * =lime ! =1
x—0 x—0 x—0 x—0

X 2X
Iim(l+gj :Iim[1+gj g
X—00 X X—o0 X

Cau 2 — N1 - GK20181 - Pé 3

cosx-1 .
1 1 X cosx—1 —sinx

lim(cos X )sinx :Iim[(1+(cosx—1))cosx—1 =lime ™ =limex =1

x—0 x—0 x—0 x—0




3. Dang 0°,«°,0”

] u(x)—0 . . I
Khi x>, | (90 1= lim u (%)™ = lim g'*"1*)
0 V(X)—)O X=X, X—>X,
Vi du
lim xInx lim Ilr}ix lim 1/)(2 lim —-x
lim x* = lime*™ =g~ =¢™" =¢™" " =¢"" =1
x—0* x—0*
5 5inx 5
limx*=lime * =lime* =1
X—00 X—>0 X—0
Cau 6 — N1 — GK20171 — Pé 3: I = lim (sin x)tanx
x—0"
COS X
In(sinx) sinx
1 -1
| = lim (sinx)™" = lim e™"™) = lim g = |im gn®xeos’x = |jm g™ =% =1
x—0" x—0" x—0" x—0" x—0"
Cau 9 — N1 — GK20181 — Bé 2: lim Un? +1
nN—+w
1 i In(l+x2) i 2X
- - - Im I 12
Xét | = lim Yx®+1= lim (1+ x2)X —gor x =g =g =1 =s |im Y2 +1 =1
00 o0 n—+o0

4. V6 cung bé — Vo cung I6n
VCB:x— X, f (x)—>0
VCL:X— X,

f(X)‘—)oo

a. Sosanh VCB: Cho «, g la cdc VCB khi x — x,. Xét k = lim <

k=1l=al g
k=0= & Cip cao hon g

k=0;1=> o clng cap g

b. Sosanh VCL: Cho A,B la cac VCL khi x — x,. Xét K = lim 2

X—>X,

K=1=AlUB

K =0 =A Cip cao hon B

K =0:1= A, B cling cap




Vi du:
So sanh VCB khi x -> 0: In(1+x) va sin X
1

In(1+x <.
= k=lim ( )=Iim 1+X _1 => In(1+x) va sin x twong dwong
-0 sinx x>0 COSX

So sanh VCL khi X >0 x?va e*

2
XS 2K 2 4
= K=lim—=Ilim—=Ilim—=0=> ¢* cap cao hon x*

X—>0 e X—)oce X—>ooe
Cau 2 — N1 - GK20181 - pé 1
So sanh VCL khi X >0 a(x)=x+x* va B(x)=e"-1

2
Xét K =lim* X —jim2* _jim £ —0 => B cao chp hon A

X—>00 _ X—>00 X X—>0
e’ -1 e e

Cau 4 — N3 - GK20181 - pé 7
Khi x->0, cac VCB sau c6 tuong duong khong? «(x)=sin5x; (x)=e> -1-x’

X i ,
k:Iima( ):Iim SSIHSX ~=lim SEOSSX =1=> ¢6 tuong duong
x—0 ﬂ(x) x—0 % _1_x x—0 5g>* _2x

. Ngit bo, thay thé VCL, VCB
- Thay VCB, VCL tuong duong trong tich/ thuong
- Ngét VCB bac cao, VCL bac thap trong tong/hiéu
. Bang VCB tuong duong: x —0
In(1+x)0 x (1+x)" —10 ax

e’ —10 x a*—17xlIna

sin x[J tan x [J arctan x [] arcsin X [] X

Vi du:
So sanh VCB khi x -> 0: In(1+x) va sin X

In(1+x ..
= k=|irrggzlin35=1 => In(1+x) va sin x tuong duong
x= SIN X =0 X

Cau 4 — N3 - GK20181 - Pé 7

Khi x->0, cac VCB sau c6 twong duong khong? «(x)=sin5x; 8(x)=e> -1-x’

N k:Iima(X):Iim sin5x . 5x

- =1=> ¢6 tuong duon
x—0 ﬂ(x) x—0 e5’< —1- X2 x—0 e5x -1 g g




Cau5- N1 - GK20181 - bé 4

Tim a,b dé 2 VCB sau tuong duwong khi x-> 0:

a(x)=ax’ +bx’ +x*, B(x) =sin(x°)

Ta co: ﬁ(x):sin(xs)D X3

a(x)=ax’ +bx +x* [ ax’ néuakhac 0 =>a=0
a(x)=bx’+x*0 x* néub=0; a(x)=bx’+x*0 x° néub =1

Vaya=0;b=1



Chuyén dé 2: Céc wng dung tim giéi han

l.  Gidi han trai — Gigi han phai — Ham so lién tuc
e Gisi han phai ciia ham s6 f(x) tai X, : (x;)= lim f(x)

+
X=X,

e Gi6i han tréi cia ham s6 f(X) tai X, © f(x; )= lim f(x)

X=Xy

Vi du:

1 i

lim==ow0 lim In(x)=—
x—0" X x—0"

- 2 2x+1
Céau 3 - GK20173 — N2 — D4: |IT(%) =0

1

i Cx L)
Cau 3 - GK20171 - N3-D7: lim| ——-—1] =lime =0
x-»0'\1—=X InXx x—0"

e Ham s6 f(x) lién tyc tai X, khi va chi khi: f(x;)=f(x;)=f(x,)

Vi du:
Xét su lién tuc cua f(x) = x2+2x+5 tai Xo=0 => f(X,") = f(Xo)=f(Xo) =5=> LT

Cau 2 — GK20173 — N2 — D4: Xét tinh lién tuc

In(1-4x)
y=| "% 0
0;x=0
Nhan xét: Ham s lién tyc trén R\{0}
. In(1—4x° In(1—4x? o )
Taix=0: f(07)=1(0")= Iimgz IimM=O= f (0)=> lién tyc tai 0
x—0" X x—0" X
= Ham sb lién tuc trén R
. i 1_C052X'x¢0
Dé 5—20141: Tim m dé f(x) = { x2 lién tuc taix =0
m;x=0

lim f(x)=lim f (x)=2=>m=2

x—0" x—0"



II.  Diém gian doan
o Diém gian doan X,: tai d6 khong ton tai f(Xo)
o Phan loai diém gian doan:
e Tim f(X") va f(xo)
o Néu ton tai ca f(xo*) va f(xo): loai 1
Khi do: h = f(x,") - f(Xo") | goi 1a budc nhay
h = 0 => Gian doan bo duoc
e Khong phai loai 1 => loai 2

Vi du:

Xét sur gidn doan cita ham sé: f (x) ==
X

Tai x =0, ta céd: f(0") = oo va f(0 7) = - oo => Loai 2

1
C3 —20181 — N3 — D7:Xét su gian doan cua y = arctan "

7

Taco: f (0+):%; f(07)= o= Loai 2
C4 — 20181 — N1 — D1: Xét su gian doan caay = cot(arctan %)

f(0*) =0 vaf(0 )= 0=>Loail
C3-20181 — N1 - D3: Tim a dé x = 0 1a diém gian doan bo duoc

a+ex;x<0 ] .
f(x):{ ) .Tac6f(0")=0vaf(0)=a=>a=0
m;x>0

C2-20173-N1-D1

sin x

x(x-1)

Phan loai diém gidn doan y =

(0 =-1vaf0)=-1=>L1
f(1*) = oo va (1) = - 00 => L2




1. Dao ham

1. Pinh nghia dao ham: fl“”xﬁ'”“w

2. Dao ham trai — Dao ham phai
21 1 +\_ s f(x)_f(XO)
Phai: f (X° )_Ilm X=X, Ton tai dao ham khi va
chi khi (x,*) = £(xo)
Tréi: £'(x,7)=lim )= (%)

X=Xy X=X

0

Chu y: f(x) c6 dao ham tai X, => Lién tuc tai X, khong c6 nguoc lai

Vi du:

tan x \/;

Tinh dao ham y=+vxtanx=y'=—=+——
' y=x y 2/x  cos? x

C5—20181 — D7 — N3: Dung dinh nghia tinh dao ham y’(0) v&i y = x3/arcsin x

J— 3 -

C5—20181 — D5 — N2: Tim a dé ham s6 c6 dao ham taix =0

g*—asinx; x>0

f(x) = { . Vi a tim dugc, tinh £(0)

cosx;x<0
£(0) = f(0*)= f(0*) = 1: Ham sb lién tuc tai x = 0
F(O*) =1l-a, f(0)=0=a=1=>f(0)=0

IV. Viphan cap 1 - Tinh xap xi
Viphan ciay = f(x) la Ay = f (x+Ax)— f (x)~ f(x).Ax
= Céch tinh xap Xi: f(x,+Ax)= f (x,)+ f'(x,)Ax

Vi du:
Ap dung vi phan, tinh gan dung 3/7.97

)
Xét f(x)=x=f '(x)=%x3. Taco x, =8;Ax=-0.03

Apdung f(x,+Ax)=f(x,)+ f'(x,)Ax => ¥7.97 =7.9975



Ap dung vi phan, tinh gan dtng sin(%+o.01j
Xét f(x)=sinx= f'(x)=cosx. Taco x, =%;Ax=0.01

= sin (f+o.01] —sin (£j+0.01cos(£j —0.714
4 4 4

Céu 6 — 20181 — D4 — N1:

4 T A 1 A 2
h h gan du
Ung dyng vi phan, tinh gan dung m

1 3
Xet f (x):iﬁz(g]4 = f (x):z_—lz(zj4 . Taco x, =2;Ax=-0.02
X X

X X

2
2-0.02

= 4

=f (2)—0.02f (2) =1.0025



Chuyén dé 3: Pao ham, vi phan cap cao

Khai trién Taylor, Maclaurin

|.  Pao ham, vi phan cap cao
e Daohamcapn: 7 (x)= [ £ (x)]

e Viphancipn: d"y=y"dx"

Vidu y=x"=y'=7x° = y"=42x° = y® = 210x* = y' =840x°

Bang dao ham cap cao cua mot s6 ham so:

Pao ham céap cao ciia mét s6 ham sé cd ban:
o ()" =a(a—1)...(a —n+1)x""
o [(1+x)*" =a(a—1)...(a =n+1).(1+x)*"

n!

1\ () !

. (HI) = ET @
1 \m) !

'(1-::) T ®

t
e (sinx)" = sin (x + &)

T
o (cosx)" = cos (x + 4F) .

o (a*)") =a* (Ina)"

e (Inx)" = (=1)" 1_'[1'1 —“1][
X

(aX:)(n)zax(lna)” ('ex)m)=ex

)
[1 ax+b)“]m =a"a(@-1)--(@-n+1)(ax+b)*™"

an

] (n) "
( ) =(=1)"n! n+l
ax+b (ax +b)

an

1 O = (- (n-11——
[In(ax +b)|"" =(=1)""(n )(ax+b),.,.




n

(n) n—
Cha §: Cong thuc Leibiniz: (UV) " = > Cru™ v

k=0
Trong do: o !
T R (n— k)!
Qui wore:
O =1

( Str dung khi biét mot sé k hitu han nao d6 s& khién v =0

Vi du: x® ¢4 dao ham cip 5 bing 0
f(x)=sinxe* = f'(x)=(cosx+sinx)e* = f "(x)=2cos xe"
(f(x))"= icg sin x(z"‘).(ex)(k) =Cjsinx®.(e*)+Cjsinx?. (e” )(1) +Cisinx.(e" )(2)
k=0
=—sinx.e* +2cos x.e* +sin x.e *=2cos x.e*
e Choy = xInx. Tinh y©@9(1)
y?) = ZC Inx (2074) () x" =Cg (In x)(zo) x% +C (In x)(lg) xY

118! 191 20.18! _(20.18!-19!)

X19 X19 X19 X19

= (Inx)™ x+20(Inx)™ = (~1)*. 22 x4 20(-1)

X20

= y(9(1) = 20.181-19!

Luu y: Céch chitng minh céng thirc dao ham cap cao: Dung quy nap

1 .~ y
= = V'= = =
Y=Y (x+1)° y (x+1)’
sinsi () =4 " 09
asu | — | =(-1).
X+1 (1+X)n+l
Voi n=1=y'= > =>n =1 ding vai (*)

(x+1)

Véin=2=y"=

=>n =2 dang vai (*
(x+17 g vei (*)

Gia sit n=k = y = (~1)" L)k la ding

(1+x



(ding vai *)

,—(k+1)(1+ X)' _ (1 (k+1)!
(1+ X)2k+2 (1+ X)k+2

Cau 7 — 20181 — Pé 5 — N2: Cho y = (x+1)Inx. Tinh y@(1)

20
y®) = > Ch(In x) (20-4) (x +1)(k) =Cgp(In x)(zo) (x +1)(0) +Cj (In x)(lg) (x+1)"
k=0

= (In %) (x+1)+20(In x)* = (- 1)19 B (x+1)+20(- )lsii—_z 191+ 20,181 = ~2.1914+191+ 181 =181-19!

Cau 5— 20171 — Pé 1 — N1: Tinh yO(x) véi y = In(2x?X)

41 2541
=In(2x®> = x)=In|x|+In[2x -1 => y® =+ :
y=in(26 )=l oy = e EE

Cau 10 — 20173 — Bé 4 — N2: Cho y = xIn(1-3x). Tinh y® (0), n>3.
2:k=2

)= 21 (¢)" )(n(1-30) " 0). ()" 0= ¢\ ¢

= y"(0)=2¢? (In(1-3x))" " (0)

A _3 _9 n-1
Taco y=In(1-3x)=>y'= = y"= — v =(=1)"" (n=1)!

= 2C%(In(1-3x))" (0) = 2C2 (-1)"*(n-3)! (=) 2_2 =-2.3"2C?(n-3)!

Cau 9 - 20171 — Pé 7 —N3: Cho f(x)= (X;l) In(2-x). Tinh d'°f(1).

(k)

dy (1) = y* (1)dx, y© ZC (x -1) ) (In(2—x))(1°7k).

Taco ()" - {k

Yo (1) = éCﬁA!(In(Z— X)) =42(In(2-x))" = 42.(-1y .5!.((2_—1))(66 — 5040



I1. Khai trién Taylor, Maclaurin

(% "(x ) ®)(x K
f(x)= f(xo)+¥(x_xo)+%!°)(x_xo) RRLA L IV

f(x)=f(0)+ f I(.O)x+ f "(X")x2+...+

: 1 - 1 L 0"
=l x+—x"+—x +. +—x" +0(x")
2 3! n'

|

; l ;) l 3 (_1’:”' 2n+ - RET
siNxX=x—-—x"4+—x"+.. . +—" 3" l+(,)(.\" “)

3! 3| U 2u+)

-
="

| i g (—=1)
COSY = l - q_'\.- +—_'.\' +

O
21 4 2n)!

a(@-l) ., al@-D.(a-n+d)
n!
X~0

a. Tim khai trién Maclaurin hozc Taylor
Vi du:

1
(1-3x)

Tim khai trién Maclaurin caa f (x)= dén s6 hang o(x?)

5

1 5
f(x)= =(1-3x) " =1+15x+135x%+0( x>
0= g =9 ()

Cau 8 — 20173 — Pé 4 — N2: Khai trién Maclaurin coa ¢ (x):( -
1+2x) (1-x

dén sb hang o(x?).
(1+2x)™ =1-80x+3280x* +0(X’)
(1-%)™ =1+50x +1275x" +0(x*)

y=(1+ 2x)'40 (1- x)_50 =1+50x+1275x* —80x —4000x” + 3280x° +o(x2)=1—30x+555x2 + o(xz)

Bo qua nhirng x ¢6 bac cao hon 2.
Cau 9-20171 - Pé 1 —N1:



Str dung khai trién Maclaurin ciaa ham sé y = 31+ x dén x3 @é tinh gan dung
31,09
Quy tron dén 107,

1

1 1 1 5
A+ x =(1+x)3 =1+§x—§x2+8—1x3+0(x3)

301,09 = 3/1+0,09 =1+%.o, 09 —%.0,092 +831.o, 09° =1,029145

b. Van dung khai trién Taylor dé tim dao ham cap cao
Céach lam: Dé bai yéu cau tim dao ham cdp nham sé y tai x =0

e Khai trién Maclaurin ham sé y
e Hé sb cua sb hang chra x" . n! = két qua can tim

Vi du:

Tim dao ham cép cao y©(0) cua y = sin x.

yO(0) =sin (X+51/2)|x=0 = 1

: 1
, . -2 N N 3 5
Ta co khai trién Mac cua y la: SIN X = X—ax +§X

Ha sb caa x° Ia % => y©)(0) = % 51=1

Cau 9 — 20173 — Pé 6 — N3: Cho y = e*sinx. Tinh dao ham cap cao y®©(0).

ST S ST RN SV i X = X— S X% 4 L8
2 3! 41 5! 3! 5!
2
A /{ 9 9 - hY l 1 1 _1
=> H¢é so cua x°® ciia e*sinx la: = x° —(—XBJ +=xt=—
5! 3! 5! 90

Cau 8 — 20181 — Pé 2 — N1: Choy = —2*_ . Tinh dao ham cAp cao y?(0).

x> +1°



V= xfil =(In(x’ +1)), = y® (x)=(In(1+ X2>)(8)

‘. ¥ x: x* _ ) , x4 6 8
Taco: In(1+x)=x——+———+.. => In(1+x ):x ..
2 3 4 2 4

. __1:(In(1+x2))(8)(0)

4 8!

= y?(0)= _78! =-10080

c. Van dung khai trién maclaurin dé tim gidi han

Céch 1am: khi x => 0. Khai trién ca tir va mau dé s6 hang c6 bac 16n nhat
phu thuoc mau

Vi du:

. 1—+/1+2x* cos(/2x>
Cau9—-20173—-bé 1 —-N1: Tinh lim ( )
X0 x> In 1—2x3)

x°In (1— 2x3) 1 —2x8

8
Trox D1+x =X
2 =

cos(\/fxz) J1-x* +%

x® x® -4
J1+2x* cos(\/zxz)=1+ x“—?—x4 —x® +€+0(x8)=1+?x8

4
1—+/1+2x* cos(ﬁxz) gX )
= lim =lim -=—

x>0 X In(l— 2x3) x>0 —2x8 3




Chuyén dé 4: Cac van dé vé ham s6 - do thi

. Timcuc tri

Céch 1am: Ham sb y=f(x) c6 cuc tri <=>y' d6i dau
Budc 1: Tim tap xac dinh cia ham s6 f(x)
Budc 2: Tim y’, gidi phuong trinh y> = 0.

Budc 3: Lap bang bién thién va két luan

Vi du:
X% +2
3X

Cau 5 — GK20141 — Pé 4: Tim cuc trj caaham s6 Y =
Diéu kién xac dinh: x=0

6x°-3x°—6 3x* -6 Xx°-2

.y'=0< x=+/2. V& bang bién thién:

y 3

9x? ox? 3%
X -0 2 0 2 oo
y’ 1/3  + 0 - - -0 - 0 + 173
~2y2 00 00

NN, S

22

Vay ham sé dat cuc dai y = % tai X = —/2

Ham sé dat cuc tiéuy = ¥ tai x = 2

Cau 5 — GK20151 — Pé 2: Tim cyc trj cua ham sé y = 4x—5Yx*

2 2 1 x*-1
= — 5 '—4— e , ” - L - A
y=Ax=5%" =y =4-4x" =1="% = =%~ Tac6 bang bién thién

y'=0<x=1

X -00 0 1 00




II. Tiém can

1. f(x)
- Tiém can ngang: xét f(x) khi x tién téi oo va -oo
- Tiém can dtng: xét f(x) tai diém x gian doan
- Tiémcanxién:y=ax+b

a=tim+%) = b fim[ f (x) - ax]
Trong do6: [ o fX o
a=lim ™ b lim[f(0)-ax]
Xo—o X X—>—o0

x=f(t — L, .
2, { ().Xetllmtlén t4i t, hodc oo
y=9(t)

t-t,

lim f (t)=a
Tiém can ding: { _
limg(t)=

t—t,

lim f (t)

tot,

limg(t)=b

t-t,

o0

Tiém can ngang:{

Tiém can xién:

Néu lim f (t)=cova limg(t) =eothi duong cong c6 the cd tiém can xién.

t-t,

{azliml
-t X
b=lim(y-ax)

t—t,

Vi du:

Tim tiém can caa ham sé y =

X2
limy=1 lim y=-1 => 2 tiém can ngang
lim y=o0; lim y=-o0 =>2 tiém can dung
x>2" x—>—2"

2x+1

Cau 6 — GK20181 — D7 — N3: Tim tiém can xién cta y = xe **

2x+2
limY = lime =1 —e? = Iim(y—ezx):4e2 = y=e’(x+4) . Xét lim tai -oo twong tu.

X—>»00 X X—>00 X—>»00



Cau 8 — GK20173 — D5 — N3: Tim tiém can xién y = In(1+e%).

In(1+e>
limY = IimQ =0= limy =limIn(1+e ) =0=>khongco
X—00 X X—0 X X—0 X—00
In(1+e™
im ¥ Zim "), lim (y+2x)=0=>y=-2x
X—>—00 X X—>00 X X—>0

—~

Vi du: Tim tiém céan cua {
2

y:

[%x:w;[ﬁy:0:>TCN:y:O

limx=0;limy=0=TCD:y=0

tow t—o

Cau 9 — 20161 — D4:

2
Tim céc tiém can cuia duong cong cho bdix = 2101t63t y = 2101?:

limx=oo;limy =co => Khéng c6 TCD, TCN. C6 TCX
limx=0;limy=0 => Khong co

Y e .y —2016
|tILT;I;—|tILTl1t—1,|tILT1](y X)_T

1. Tiép tuyen:
1. Tim tiép tuyén y = f(X) tai Xo.
=y = (Xo)(X-Xo) + Yo

. £ A 01 I £ X:X(t)
2. Tiép tuyén cua ham so co tham so t:
y=y(t)
x=x(t,) _y-y(t,)




Vi du:

Cau8—20181—PE3—N1: *~ M i %
y =1-cost

Ta co: x, =%—1; y,=1.
x’=1-cost=>x"’=1 va y’=sint=>y’=1

T
X——+1

1 1 2 2

3. Toa dd cuc: r = f(op)
e Céch 1: Dua vé toa do Oxy
y

[L2 2 X
F=4/X"+VyY ,CO0SQp =
y (0 'XZ + y2 ’XZ + y2

e Cach2: TinhtanV = rl

tan V = 0 => tt trung ban kinh cuc
tan V = oo => tt vudng goc ban kinh cuc

;Sing =

Vi du:
Cau 10 — 20181 — D1 — N1: tim tiép tuyén tai ¢ = 0 cta r = 2+cos ¢
Céch 1:

Vé6i @ = 0 =>r = 3. Chuyén toa d6 Oxy

2, 2 _ X 2,2 9[22 _v_ )
X*+y? =2+ X2+y2:>x +y?-2x*+y? -x=0=M(3;0)
f'x=2x- 2X -1= f'x,=3

X2 +y?
f'ly=2y- 2y = f'y,=0
X2 +y?

= 3(x—-3)+0y=0=>x=3
Céch 2:

r=2+4cos ¢ =>1"=-sin@=0Var=3=>tan V = oo => Tiép tuyén vudng goc r
tai M =>x=3



Chuyén dé 5: Nguyén ham — Tich phan

I.  Bang nguyén ham
&+1

_[x"::!‘x = x
it + 1

-[sinxdxz cosx + C

i
f .{f = —cotgx +C
sin” x

X

jn-"ﬂ‘x _ % +C, (a>0,a#1)

dx 1 la+ x|
.[a2 xz_ﬁln-n x~1c
d ——
j—1=1n|x1\.-_r2}a'|-f:
Valdoa
?

f va?— x2dx = %x Va2 — x2 4 %arcsin% +C
— 1 /
[v’xz +adx = 5 {x\f.‘cz Fa+aln |_r + v/ 12 4 n” +C

II. Mot sb cach tinh nguyén ham
- Poi bién.
- Tich phan ting phan.
- Phaén tich cac phan thuc.
- Ham luong giac:

e 4p dung cong thuc t = tan(x/2)

: f 2 2t

SINY = ——=;C08x = —— gy = —rz;

N 1+ 1+ 12 1

e Dang jsinmxcos” xdx

+C, (a # —1)

+ Néu m I¢é: dat t = cos x
+ Néunlé: datt=sin x
+ Néu m,n chan: ha bac

d:
[i=1n x|+ C
J X

[ms xdx=sinx+ C

[ dx =tgx+C

3
J o5t X

[ dy ="+ C

[ dx
J a2+l

dx
Vvl — 2

2dt
1+

1 X
= Earcth +C

Lox
= aru;mE + C

Vi du:

| = jsinS X oS X°dX .

t3

e [z I TSR S P _
})att—cosx_>|_j(t2 1)t2dt_j(t4 tz)dt—s S+C=1=—

_cos’X  COS’ X
3

+C




J- X+2 dx

Cau7-20191-N1-Pé2: I =[5
X" —2X+2

In((x-1)" +1
I=J‘2X;2dx:jL22dX=I 21 " 32 dx = (( ) )+3arctan(x—1)+C
X" —2X+2 (x-1)"+1 (x=1)"+1 (x-1)"+1

3/2

(2Inx+1)
3

+

Cau 8- 20183 - N1 - Dé1: | :J'VZIHXXJrldx:

Cau7-20181-Pé3—N1: 1= j arccos? xdx

bat t = arccos x => x = cos t => dx = -sin t dt
I =I—tzsintdt =t° cost—ZItcostdt =t? cost — 2tsint —2cost +C

J' arctan x
XZ

Cau7-20181-N3-Pé7: | = dx |

bit t = arctan X => X = tan t => dx = (tan’ +1)dt

It(tan t+1) _[tdt _[ (—j=—+ln|smt|+C_ arCtanX+In|sin(arctanx)|+C
tan®t sin“t tant / tant X

Cau 7 — 20191 — N1 — Pé 3:
| _.[arcsmx

) 1
u=arcsinx=>du = dx
\J1-x?
dv= d =v=2J/1+X
N1+ X
| =2arcsin X+/1+ X — J2‘1+ dx = 2arcsin x+/1+ X J' 2 dx =2arcsin Xx+/1+ X +4J/1-x +C
V1-%° V1-x

Cau 6 — 20181 — Dé 7 — N3;
e tdt 314 —14 4 714 4 3/4 4, a4, 3/4
:jmdx:jm:j[(tﬂ) —(t+1) ]dt:7(t+1) ~5(t+1) C=7(e +1) —g(e +1)" +C

Cau 720181 — Pé 1 — N1:
X2 +2 x> +2 1 1 2 1
e | e

Céu 920183 —N1—Pé 1: 1 = [In(x*+x+1)dx




2x+1
e u=In(x*+x+1)=du=——"dx
bat ( ) X +x+1

dv=dx=v=xX

2% + X

=l =xIn(x* +x+1)- | —=dx.
( ) Ix2+x+1
X+ 3
2X% + X X+2 2 2
I, =|—dx=||2—-———— (dx=|| 2- - dx
! -[x2+x+l J( x2+x+1j I X+x+1 x2+x+1

Xét
- 2X—%|n(x2 + x+1)—\/§arctan K%()H%D

= |:xln(x2+x+1)—2x+%ln(x2+x+1) farctan[T( EJ}C

Cau7-20171-Pé4 —N1: | :jzxeXsinxdx

Dit u=2xsinx=du :(Zsin x+2xcosx)dx = du = 2(Sin X + X C0S X)
C dv=edx=v=¢"

= | =2xsin xe* —IZsin xexdx—_[2xcos xe*dx

Xét I, = I2x cos xe*dx

Dat U= 2xcos x = du =(2c0s x—2xsin x) dx = du = 2(cos x — xsin x)
C dv=e'dx=>v=¢"

= |, =2xcos xe” —IZcos xexdx+J'2xsin xe*dx
| =2xsin xe* —_[Zsin xe*dx — 2x cos xe* +J2003 xexdx—j2xsin xe*dx
= | = 2xsin xe* —2xcos xe* + Zj(cosx—sin x)e*dx— I

=
= 21 = 2xe*(sin x—cos X ) + 2cos xe”

= | = xe*(sinx—cosx)+cosxe* +C



Chuyén dé 6: Tich phan suy rong

L Loaili1=[f(x)

a

Céach lam:

o Tinh [f(x) =>1=lim] ().

X—00

e Néu I hitu han => | hdi tu. Nguoc lai, I khong xac dinh => | phan ky

Tuong tu:
] a e A
[ f[x)dx:Ali}nmff[mx va /f{x}.:i‘x - dim mff[x):ix
oo A 5] Al
Vidu I:Txdx I:T ox
. x> +1

o

I[I. Loai2:1 :I f (x) trong do f(x) khong xac dinh tai a hoac b

a
b

ff(_r].:sx _ jf[x]dx 1 I[f[x]d_r

a C

= b b b f
I[f[xjm‘x = :H:T- f(x)dx ?[ flx)dx = tli:ﬂll'l [f{x}dx
2 1
Vide [ o[ Z
1 x-1 -1 :|.—X2

1. Mot sb luu v khi giai bai

o 1=[f(x)=lim[f(x) *jf(x);tjtf(x)

a

a

>

o 1= hgitu khi «>1; phan ki khi o<1

e 1= hoi tu khi o < 1; phan ki khi oc >1
0

>




e Tiéu chuan so sanh ap dung cho f(x), g(x) duong
+ 0< f(x)<g(x) v&i moi X > X,

= g hoi tu thi f hoi tu; f phan Ki thi g phan ki

+ I|mm k hoac x tién téi diém ki di

=+ g(x)
= k=0:ghoitu=>fhoitu
= k =o0: g phan ky => f phéan ky
= Kk hitu han => f va g clng tinh chat

e Hoi ty va hoi tu tuyét doi

oa

1. Néu [ £(x)|dx héi tu thi ta néi [f[x:mx héi tu tuyét déi, con néu [f(_r]dx héi tu

uhuhg (x)|dx phén ki thi ta ndi (x)|dx bdn héi tu.
f f

!i'

b
2. Néu [ |f(x)|dx (cd diém bat thuong la a hode b) héi tu thi ta noi [ f(x)dx héi tu
I|1

a
b

b b
tuyét doi, con néu / f(x)dx héi tu nhung [ |f(x)|dx phan ki thi ta noi / f(x)|dx
Ii'

il
bén héi tu.

f(x) coala diém ky di, lim f (x) hitu han thi | hoi tu

x—a*

[
I
R 1

Vi du: jwdx hoi tu

cooFdx o Falxdx X Lkl 7
Vi du: jtanxj X j\/x -dx |=£ X ! SINX__ (trj tuyét di)

sinx _1 2 XG_ X\/; , X+2)
*X—sinx
Cau 10 — 20173 j
0 3 XlO
o0 1 °'e)
X —sin x X—=sinx FXx-—sinx
| :j :j +j =1, +1,
0 3 XlO 3 XlO 1 3 X10
1 - 1
X —SIn X ;.. X=sinx 1 1
Ilzj . Taco lim :—33:—-Vaf —=(ht) . Tuong tu I, hoi tu
. 3y x>0 3fyl0 X 6 . X



9nx
X+ x°

Cau 9-20173 - a‘”3_[

mnx mnx smx
j _j j ~Zdx=1,+1,
0X+X X+X X+ X
. sin x
lim =1=>1, hoi tu
x—0" X—|—X

l, hoi tu tuyét d6i => | hoi tu

Cau 1020173 —dé 3: | T adtanx__g,
X

+In(1+x))®
T arctan x h arctan x T arctan x
f dx:f dx+f dx=1,+1,
o A/ (X+ In(L+x))* 0 A/ (X+In(1+ x))* 1A (X+In(L+ x))*
arctan x 1 tAX - :
I :——— — hoitu=>1; hditu
o0 \/(x+ln(1+x))3 Jx o 242 !J_ TR
) arctan x oz
lim : Z ma | —- hoitu=>1,hditu
=0 Jocrin@e ) X2 I ¥ ?
= | hdi tu
7 In(1+2x)
Cau 10 — 20181 — dé 1 — N1: I;d
> XX
7In(1+2x) ¢ In(1+2x) 7In(1+2x)
dx = d dx=1, +1
el T T

In(1+2x)  2x

Ta co: lim . =1. Ma [—=dx hoi tu => I hdi tu
o0 XX xx I«f '
o1 (Ls 2 =In(1+2x):>du:12d;
+
I2=I¥dx.f)ét . , X
1 XX dv=x2dx=>v=—o
Jx
—2In(1+2x)" <
> 1, - n(1+2x) +I 4dx _2In3+1,
I 1 (a+2x)Vx



. T 4dx <
Vol I,=|———. Dat
’ '!.(1+2x)\& ‘

t=JXx = x=t*= J. 4.21dt :'[ Bt —4\/_(——arctan\/_J

(1+2t?)t g1+t

= |2:2In3+4\/§(%—arctanx/§j hoi tu
= | hoi tu

0

CAau 9 — 20181 — Pé 3 — N1: I arctan x

o X Jx+1- cosx

HO x\/§+1 COS X x\/_ x—0" X x\/§+1—cosx x—0" x\/_+1 COS X

T arctanx ¢ arctanx T arctanx
I dx = I x+j dx=1,+1,
5 X JX +1—cos o X JX +1—cos x 1x«&+1—cosx
arctan x . arctan X XA/ X XA/ X < A
; =lim Jx =lim Jx =1 (ngat vcb bac cao)

L ax hoi tu => |, hoi tu

Jx

O ey

arctan x 7l2

X — oo thi <
XA/ X +1—C0s X x\/§

Tﬂ/Z
L xy/x
= | hdi tu

dx hoi tu => 1, hoi tu



Chuyén dé 7: Ung dung cua tich phan xac dinh

I.  Tinh dién tich hinh hoc phang:

e Oxy

as<x<b . c<x<d §

y=1(x) =>S=[|f(x)-g(x)|dx x=p(y) =>S = [|p(y) —y (y)ldy

y=9(x) ¢ x=w(y) ¢
t, <X<t,
y=0 __% .
X =go(t) _>yyxmt
y=w(t)

y=x°
X+Yy=>2

Vidu , "7 YTX y=x2+4vax—y+4=0;y=Inx|,y=1
X“+y <2X  y=4x

x>0

e Toado cuc

p=a .
p=p => S=EJ-r2((p)d(o
r=r(p) ’

Nhic lai: TinhtanV = _
.

tan V = 0 => tt trung ban kinh cuc
tan V = co => tt vuong goc ban kinh cuc

Vi du: Tinh dién tich hinh phang tao béi r=a(1+coso) A

= 0 == 2a -.I'x
r'=-asinp=0 => ¢ N
p=r=r=0 o e
e
| -
3 ~ 4 4 /{' 4 f 2 2 372'8.2
Hinh v& c6 tinh doi xuing S :J'a (1+cosp) d(p=T
0



Cau 5 — 20161 — Bé 6: Tinh dién tich hinh phang giéi han béi duong cong cho
b&i hé toa dd cuc r=7-2cose

r\>||—‘

j? 2c0sp)’'dg =51
0

II.  Tinh chiéu dai duc‘rng cong phang
|_j,/1+f ) dx = j,/1+g )’ dy

I_I X"+ y "2t

Y

x=a(l-sint)

Vi du: Tinh chiéu dai
y =a(1—cost)

0<t<2m

Tinh chiéu dai x2® + y283 = g3

Cau 7 — 20181 — Bé 5 — N2: Tinh d6 dai cung y = In(cos x) v&i 0<x<m/3

L:i 1+y'2dx:j. ox (2+\f)
0 0

I1l. Tinh thé tich
V= J.S dx ﬂ'J. dx_ﬂJ‘g

Vi du: Tinh thé tich vat thé tron xoay do hinh phing gi6i han bdi duong
y = 2X - X2 va 'y = 0 khi xoay quanh truc Ox.

Ta c6 dudng y = 2x - X? cat truc Ox tai x =0 va x = 2 nén ta co:

] ] 2 5
4z 16
v, = x| 7 @dr=wf @x- D dr = xf (45 - 427 + 2 )dx :J‘T[?— x +—[]: kil
1] 1] 0

IV. Tinh dién tich mat tron xoay
b
o S=2z[|f(x)\1+ f'(x)*dx quay quanh Ox
(tuong tu v&i x=g(y) quay quanh Oy)
b
o S= 27[“X| X'+ y2dt




, . A s .. X=Y?
Vi du: Tinh di¢n tich mat tron xoay tao boi 0 y 1
y<

!
1 1 144 FRY
S:Eﬁj-yﬁ,"1+4yzaj#=g_l-»,,’1+4y2d(1+4y3) :%% :%@E—m
i} i}

2 b

IA

Vi du: Tinh dién tich y = tan X, vdi 0 <x< n/4 quanh truc OX

® 1
:>S:7z_[(1+ . Jdu
N u -1

Cau 5 — 20173 — Bé 1 — Nhém 1: Tinh dién tich mat tron xoay tao boi
Y =V4=X quay quanh Ox mot vong

-1<x<1
1

S :27r_[\/4—x2 1+
-1

Céu 6 — 20183 — Bé 2 — Nhom 1:

2
X

dx
4-x°

Tinh dién tich mat tron xoay tao baoi
(x-3)+(y+2)* =4

X=3+2c0st = x'=-2sint
y=-2+2sint = y'=2cost

2z

=> g =47z’I (3+2cosx)dx = 247*
0



